We study classical solutions of vacuum version of Berkovits' superstring field theory, focusing on the (super)ghost sector. We first argue that the supersliver state which is annihilated by η 0 , though it has the correct quantum numbers and solves the equation of motion, is actually non-perturbatively pure-gauge, and hence it fails to describe a D-brane. As a step toward the construction of non-trivial solutions, we calculate e − Φ Qe Φ for twisted superslivers. As a by-product, we find that the bc-twisted sliver solution in bosonic VSFT can, at least formally, also be written as a pure-gauge configuration.
Introduction
In the last year, vacuum string field theory (VSFT) [1, 2, 3] attracted much attention. The basic idea of this theory has recently been extended to the superstring case in [4, 5, 6] for cubic superstring field theory [7, 8] and in [9] for Berkovits' non-polynomial superstring field theory [10, 11] . If we assume that the kinetic operator Q is made purely out of ghost fields as in the bosonic case, the equation of motion admits factorized solutions Φ = Φ m ⊗ Φ g , and it was shown in [9] that we can take Φ m to be projectors in the non-polynomial case as well.
In the (super)ghost sector, however, the construction of brane solutions in Berkovits' theory becomes complicated due to the fact that it is formulated in the "large" Hilbert space, 2 in addition to the existence of the βγ-ghosts and the GSO(±) sectors. Although the supersliver state Ξ solves the equation of motion with Q = Q GRSZ = (c(i)−c(−i))/2i and hence it was conjectured in [9] that the non-BPS D9-brane was described by the supersliver itself, we will argue in section 2 that this conjecture is not correct. In particular, any state which is annihilated by η 0 , including the supersliver, is shown to be pure-gauge. Such a thing could happen because not only the field configuration space but also the space of gauge degrees of freedom has been enlarged in the "large" Hilbert space formulation.
To find a clue to the correct D-brane solution, we will pay attention to the fact that there is a remarkable resemblance between the ghost number 1 combination A = e −Φ Qe Φ of the string field Φ in Berkovits' theory and the ghost number 1 string field Ψ of cubic string field theory, as explained in section 4. Since it has been shown that in bosonic vacuum string field theory the equation of motion QΨ + Ψ * Ψ = 0 with Q = Q GRSZ is solved by the sliver state Ξ ′ in an auxiliary twisted conformal field theory [3, 12, 13, 14] and A satisfies an equation of the same form, we conjecture that the solution representing the spacetime-filling non-BPS D9-brane is also given by A ≃ Ξ ′ with Q = Q GRSZ . With this choice the equation of motion η 0 A = 0 is satisfied. Of course, it is possible that the correct answer will turn out to have more complicated structure peculiar to superstring theory: We do not consider such a possibility in this paper, except in section 6. Even if we have specified the form of A, it still remains to express this candidate 'solution' A 2 The βγ-ghost system is fermionized as β = e −φ ∂ξ, γ = ηe φ .
(1.1)
The usual superstring theory and cubic superstring field theory are closed in the state space without the ξ 0 mode, which is called the "small" Hilbert space, whereas the Berkovits' superstring field theory uses the full "large" Hilbert space including ξ 0 .
in terms of the string field Φ of this theory. Although we have not solved this 'inverse' problem yet, we will anyway calculate e
in which e − Φ Qe Φ is exactly calculable. Here, Ξ ′′′ is the supersliver state in the 'triplytwisted' conformal field theory introduced in section 3, where the twisting is performed in all of the bc-, φ-and ηξ-sectors of the ghost CFT. The configuration Φ 0 has the following preferable features: Φ 0 has ghost number 0 and picture number 0; Ξ ′′′ lives in the GSO(−) sector, while Ξ is in the GSO(+) sector; Φ 0 has the factorized form Ξ m ⊗ Φ g and its matter part is simply the matter sliver; e Φ 0 is exactly calculable; Neither η 0 nor Q annihilates Φ 0 so that it may not be pure-gauge. Therefore, we believe that the triply-twisted supersliver Ξ ′′′ may be useful in constructing a non-trivial solution in non-polynomial vacuum superstring field theory. We further calculate A for another configuration Φ e = a + e
(i) |Ξ ′ , and we will obtain the result Ξ ′ ∝ e −Φe Qe Φe , where Ξ ′ denotes the bc-twisted sliver of ghost number 1. In the context of bosonic vacuum string field theory, it looks like this equation says that the bc-twisted sliver, which is the only ghost solution obtained so far, is a pure-gauge configuration. We will have a discussion on this point in section 5. Section 6 is devoted to summary of our results and discussion for future directions. In Appendices we derive some formulae about the * -and * ′′′ -products used in the text.
Problems with the Supersliver as a Brane Solution of Vacuum Superstring Field Theory
In this paper we mainly deal with the issues of non-polynomial vacuum superstring field theory, which is supposed to describe the open string dynamics around the tachyon vacuum in Berkovits' superstring field theory on a non-BPS D9-brane of type IIA theory. This type of vacuum superstring field theory was elegantly formulated by Mariño and Schiappa in [9] , based on the earlier work of Klusoň [15] . We will discuss the ghost structure of non-perturbative brane solutions in this theory.
First of all, we see that the full (i.e. matter+ghost) geometric supersliver, although it is a solution of the equation of motion, fails to describe the non-BPS D9-brane. From now on, we will use the notation
where Φ is the string field of ghost number 0 and picture number 0, and Q is the kinetic operator of vacuum superstring field theory. we derive the following equation of motion:
(For more details about Berkovits' superstring field theory, see [10, 17, 11, 18, 19] .) Let us define the (geometric) supersliver state Ξ as
where f (ξ) = tan −1 ξ and |ϕ is an arbitrary Fock space state. Defined this way, Ξ can be shown to be a projector of the * -algebra, Ξ * Ξ = Ξ, in the same way as in the bosonic case [20] . (The algebraic construction of the (twisted) sliver state was given in [21, 22] 
where f Σ (ξ) is the conformal map associated with the Riemann surface Σ, and C, C ′ are the integration contours encircling 0, f Σ (0), respectively. The second equality holds because η 0 is the contour integral of a primary field of conformal weight 1. The last equality can be shown by the contour-deformation argument. More strongly, it can be shown that Σ|η 0 |A vanishes for arbitrary states |A even if they do not belong to the Fock space. Any surface state |Σ can be written as [27, 28, 29 ]
7)
3 When discussing the tachyon condensation, we need to include in the theory the GSO(−) sector where the tachyon lives. It can be achieved by introducing the internal Chan-Paton factors [16, 17] as Φ = Φ + ⊗ 1 + Φ − ⊗ σ 1 , where σ 1 is one of the Pauli matrices and Φ + , Φ − are the string fields in the GSO(+), GSO(−) sectors, respectively. In this section, however, since the supersliver state is fully contained in the GSO(+) sector, we will forget about this structure and simply write Φ ≡ Φ + for a while.
where v n 's are coefficients determined by the conformal map f Σ , and L n 's are the total Virasoro generators. Since the superghost sector of L n can be expressed in terms of βγ ghosts themselves, L n does not contain the zero mode of ξ, as can be seen from the fermionization formula (1.1). In addition, the SL(2, R) vacuum |0 is annihilated by η 0 because η has conformal weight 1. Hence |Σ does not give rise to any factor of ξ 0 . If we recall that the correlation function in the "large" Hilbert space is normalized as 8) where V 10 denotes the volume of the 10-dimensional space-time, |A must supply two factors of ξ 0 in order for Σ|η 0 |A to have a non-vanishing value, but it is impossible. We then conclude that η 0 |Σ strongly vanishes in the sense that it has vanishing inner product with any state. Now consider a string field Φ a which is annihilated by η 0 , such as the sliver. From the derivation property of η 0 , it follows
Given that {η 0 , Q} = 0, we find that Φ a trivially satisfies the equation of motion (2.3) as
Since the equation of motion does not constrain the form of Φ a anymore, we cannot hope to obtain any isolated solutions even after fixing the gauge. This is obviously an unwelcome feature when looking for the D-brane solutions. Moreover, the energy density associated with such a state is completely zero, as can be seen from the form of the action (2.2). This problem cannot be resolved even if we take the overall normalization factor κ 0 to be infinite, because there are no sources of ξ 0 which is necessary to have non-vanishing correlators in the "large" Hilbert space formulation. In fact, we will show below that any such state Φ a is pure-gauge in Berkovits' superstring field theory.
In what follows, we consider the action (2.2), but we do not restrict Q to being pure ghost, if only Q satisfies the requisite properties: nilpotency, Leibniz rule, etc. By analogy with the Wess-Zumino-Witten action for a field g = e Φ which takes value in a group manifold G, we see that the action (2.2) is invariant under the finite gauge transformation e i.e. Φ a has been gauged away. This completes the proof that the string field obeying η 0 Φ = 0 is non-perturbatively pure-gauge. This fact can more transparently be seen in the case of a projector. When h Q 1 = e QΩ and h η 0 2 = e η 0 Λ with Ω, Λ infinitesimal gauge parameters, the infinitesimal form of (2.11) is, as is well-known, given by
Given that Φ * Φ = Φ and η 0 Φ = 0, by taking Ω = 0 and Λ = aξ 0 Φ (a ≪ 1) we have
which implies that Φ can be gauged away by piling up the above infinitesimal transformations. The conclusion that any string field configuration annihilated by η 0 is pure gauge seems very restrictive from the viewpoint of vacuum superstring field theory because the * -algebra projectors known so far [32, 33] are constructed within the "small" Hilbert space and all annihilated by η 0 . For the same reason, the configurations Φ which are annihilated by Q are also pure gauge, but this criterion crucially depends on the choice of Q.
We remark here that our concerns above are irrelevant to cubic superstring field theory [7, 8, 4, 5, 6] which is formulated within the "small" Hilbert space. In that case it has been proposed that the space-filling non-BPS D9-brane is represented by the sliver states in the twisted conformal field theories [6] .
Triply Twisted Conformal Field Theory
In the preceding section, we have seen that the supersliver, though it solves the equation of motion and has the correct quantum numbers (ghost number 0 and picture number 0), is not qualified as a D-brane solution. To obtain a non-trivial solution by deforming the sliver, 5 it will be useful to introduce an auxiliary twisted conformal field theory, according to [3] . We twist the energy-momentum tensors T, T by the ghost and picture number currents 
3)
the relation between the Euclidean world-sheet actions S and S ′′′ of the two theories is found to be
where w = σ + iτ denotes the world-sheet coordinates, g and R(g) are the world-sheet metric and its scalar curvature, respectively. The OPEs among the bosonized ghosts are given by
The conformal weights of the ghost fields are summarized as follows:
in the original theory (
and similarly for antiholomorphic fields. On the flat world-sheet (e.g. each local coordinate patch) ρ, φ, χ fields of the two theories can be identified:
where d and d ′′′ denote the conformal weights (3.6) of e ℓρ in the respective theories.
Therefore we have the following identification among the oscillators of the two theories,
The SL(2, R)-invariant vacua |0 and |0 ′′′ of the two theories are mapped as
For any state |ϕ we can give vertex operator representations of it with respect to the SL(2, R) vacua of the two theories as
The correlation functions of the two theories are normalized as
The star product of the twisted theory is defined as
where the conformal transformations
, h(z) = 1 + iz 1 − iz are generated by the Virasoro operators of the twisted theory. The supersliver state Ξ ′′′ in this twisted conformal field theory is defined by 
where L n (L ′′′ n ) are total (i.e. matter+ghost) Virasoro generators associated with the energy-momentum tensor T (T ′′′ ) in the original (twisted) conformal field theory. From the relation (3.8) between the two SL(2, R) vacua |0 and |0 ′′′ , we can rewrite Ξ ′′′ as
From this relation, we find that Ξ ′′′ has ghost number 0 and picture number 0, and is Grassmann odd. (Remember that ξ has ghost number −1 and picture number +1, and that e ℓφ is Grassmann odd if ℓ is an odd integer.) Thus we can consider Ξ ′′′ itself as the string field in the GSO(−) sector. Ξ ′′′ * Ξ ′′′ can be calculated by using the formula (derived in Appendix A, eq.(A.10))
relating the * -product to the * ′′′ -product. Here, K (3) is a normalization constant. Since Ξ ′′′ is a projector of the * ′′′ -algebra, we have
For later purpose, we collect here some formulas regarding the conformal field theory CFT ′ twisted only in the bc-ghost sector. Using the correlation function normalized as
the bc-twisted sliver Ξ ′ is defined by
where ϕ ′ (0) is the vertex operator representation of the state |ϕ with respect to the SL(2, R)-invariant vacuum |0 ′ = c(0)|0 of the bc-twisted theory. The * ′ -product of this theory is defined as
and is related to the * -product of the original theory through [3] 
and is supposed to represent a spacetime-filling D25-brane in bosonic string theory, we guess that the spacetime-filling D9-brane and the ghost kinetic operator in the superstring case may be given by
which have the correct ghost and picture numbers. Here we have tensored the intenal Chan-Paton matrices [16, 17] , and the normalization constant C should be uniquely determined by the non-linear equation (4.1). The equation of motion η 0 A = 0 is solved by the configuration (4.3) because the bc-twisting does not affect the ξη-sector at all. There is one more reason to identify the specific combination A of the string field Φ in Berkovits' theory with the string field Ψ in cubic string field theory. In cubic theory, the new kinetic operator Q ′ arising from the expansion around a classical solution Ψ 0 takes the form
On the other hand, it was shown in [15, 9] that in Berkovits' theory, when the string field Φ is expanded around a classical solution Φ 0 as e Φ = e Φ 0 * e φ with φ denoting the fluctuation field, the resultant action for φ takes the same form as the original one, but with a new kinetic operator Q ′ given by
where X is an arbitrary string field, and |X| is its Grassmannality. Eq.(4.6) looks the same as eq. [12, 24, 34, 35, 36, 37] , we are inclined to take at least the matter part of A to be the matter sliver Ξ m as in (4.3) . This also motivates us to adopt the ansatz (4.3),(4.4).
The problem now is how to solve the equation (4.3) for Φ in the "large" Hilbert space. Though we have not succeeded in finding an appropriate solution, we will give an example of calculations of e − Φ Qe Φ for a certain string field configuration Φ 0 which has some desired properties. Since we are looking for a configuration representing a D-brane, we require Φ 0 to satisfy the following conditions:
(1) Φ 0 has ghost number 0 and picture number 0, in order for Φ 0 to be acceptable as a string field;
(2) Φ 0 has a matter-ghost split form and its matter part is simply the matter sliver Ξ m ;
(4) Φ 0 is not a pure-gauge configuration. In particular, Φ 0 should not be killed by η 0 nor Q.
It turns out that the triply-twisted supersliver state Ξ ′′′ introduced in the previous section satisfies the above conditions. So we try
where we have attached the internal Chan-Paton matrix σ 1 according to its GSO parity (i.e. Grassmannality). The conditions (1), (2) 
does not vanish for a general state |ϕ because c ′ (±i) in the twisted theory has conformal weight 0 so that they give rise to no vanishing conformal factors. Now we calculate A( Φ 0 ) = e − Φ 0 Qe Φ 0 . Making use of (3.17) (n − 1) times and (B.3), we obtain
where ǫ-regularization is implicit, and the (n − 1)-fold operator product above is not normal ordered yet. We have assumed that the associativity of the * -product is not violated by Ξ ′′′ . We can write e Φ 0 in the form
If the kinetic operator (4.4) is regularized as
where I(z) = −1/z, then Q annihilates the identity I even for finite ǫ [3, 30] . On the sliver state twisted in the bc-sector, Q GRSZ can be rewritten as [3]
where we have used the conformal map h(z) = 1+iz 1−iz to rewrite the correlator on the upper half plane as the disk correlator. Eq.(4.11) holds for |Ξ ′′′ as well. From these facts, we find
e − Φ 0 can easily be found by replacing a − with −a − in (4.9). Then we have
Thus we have exactly calculated e − Φ 0 Qe Φ 0 for Φ 0 given in (4.7), up to the cocycle factors for the exponential operators we have been ignoring. Since this configuration turns out not to solve the equation of motion η 0 A = 0 unless a − = 0, we cannot consider the triply-twisted supersliver Ξ ′′′ itself as representing a D-brane. However, considering the properties possessed by Ξ ′′′ , we expect that it may be relevant to the construction of the correct D-brane solutions.
As the second example, we consider the string field configuration
though it is annihilated by η 0 and hence it is pure-gauge. Φ e is Grassmann-even just like the untwisted sliver, and has ghost number 0 and picture number 0, as it should be. From eqs.(B.3) and (3.19), we find
In the ǫ → 0 limit, e 
in the same way as in (4.8)-(4.13). From this expression, one may think that we have obtained the solution A = CΞ ′ ⊗ σ 3 (4.3) from Φ e , but unfortunately this configuration is pure-gauge, as mentioned above. So we have to say that it seems difficult to obtain the non-trivial solution (4.3) in vacuum superstring field theory with Q given in (4.4).
Remarks on Bosonic VSFT Solutions
In this section we turn our attention to the bosonic case. In bosonic vacuum string field theory, it was demonstrated in [3] that the equation of motion
is solved by the bc-twisted sliver. Plugging Ψ = CΞ ′ into (5.1), we find the left hand side of (5.1) to be
where we have used (4.11) and (3.19) , the latter of which is valid also in the bosonic case. By requiring (5.2) to vanish, the overall normalization of the solution is uniquely fixed as
Recalling the result (4.16) from the last section, we have
Comparing (5.4) with (5.3), we find that if a + is determined such that
is satisfied, then the solution Ψ 0 can be written as
On the other hand, finite gauge transformation in cubic string field theory is generally given by
where Q is the kinetic operator of the theory and Λ is a gauge parameter of ghost number 0. Then it follows that the string field configuration of the form
is pure-gauge. Since the expression (5.6) is of the form (5.8) with Q = Q GRSZ and 9) it seems that the bc-twisted sliver solution Ψ 0 is pure-gauge in bosonic VSFT with Q = Q GRSZ . However, this conclusion holds true only when the above Λ (5.9) is allowed as a gauge transformation parameter. In fact, it was argued in [20] that the gauge parameters having logarithmically divergent norms in the matter sector should not be allowed around a D-brane solution. In our case, we notice the following fact: As we mentioned at the beginning of section 4, string field configurations ψ of the form (5.8) should always satisfy an equation Qψ + ψ * ψ = 0 irrespective of details of Λ, as long as Q is a nilpotent derivation. Contrary to this general argument, however, the configuration given in eq.(5.6) does not obey this equation unless a + satisfies the condition (5.5). This might be a manifestation of the fact that Λ in (5.9) is ill-defined as a gauge parameter so that it violates some of the formal properties the allowed gauge parameters should have. Thus, it is possible that the solution Ψ 0 is actually not a pure-gauge configuration in bosonic VSFT, in spite of the expression (5.6). Nevertheless, we believe that in the superstring case considered in section 2 the string field configurations annihilated by η 0 are really pure-gauge because of the circumstantial evidence that such configurations are tensionless and form a continuous family of solutions including Φ = 0.
Summary and Discussion
In this paper we have presented several pieces of evidence that the untwisted supersliver solution is not appropriate for the description of a D-brane in non-polynomial vacuum superstring field theory. In particular, we have shown that any state annihilated by η 0 (or Q) is non-perturbatively pure-gauge. We have then guessed the possible form of the kinetic operator Q (4.4) and the spacetime-filling D-brane solution A (4.3) in this theory, based on an analogy with those of bosonic vacuum string field theory. As an effort at constructing non-trivial solutions, we have used the triply-twisted supersliver Ξ ′′′ , which is not a gauge degree of freedom, to give an example in which e − Φ Qe Φ can be calculated exactly. It may turn out that our proposals (4.3)-(4.4) are not quite correct, especially for the reason discussed below. Nevertheless, we hope that our ideas as well as the computational techniques developed in this paper will be useful in clarifying the structure of vacuum superstring field theory solutions. As a by-product of the above calculations, we have found that the bc-twisted sliver solution in bosonic vacuum string field theory, which has been believed to be the D-brane solution, can formally be written as a pure-gauge configuration. We have not reached a definite conclusion on this point because we have not determined whether the required gauge transformation is a valid one or not. We end this paper by making a few remarks on further research. It then follows that, if we have a solution with a non-vanishing GSO(−) component, there always exists one more solution with the same energy density. Since we do not anticipate such a two-fold degeneracy of solutions in vacuum superstring field theory [1] , this result may imply that we should modify the kinetic operator as
as proposed in [5] . Here Q odd and Q even are Grassmann odd and even operators, respectively. It would be interesting to further investigate this possibility.
Aside from other D-brane solutions which appear in type IIA superstring theory, we should be able to construct 'another vacuum' solution with vanishing energy density, which corresponds to the other minimum of the double-well potential. This solution may be given by a configuration Φ with A( Φ) = 0 because we expect the new kinetic operator Q ′ (4.6) around this vacuum to have zero cohomology as well. Since the solutions representing this vacuum or BPS D-branes (brane-antibrane pairs) have no analogues in bosonic string theory, to seek them would be a challenging problem. 
